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Abstract

Let D be the unit disk in the complex plane. We define B, to be the little Bloch
space of functions f analytic in D which satisfy limy,_, (1 - |Z|2)\z”(z)| =0.If

¢ : D — Dis analytic then the composition operator C, : f+ f e ¢ is a continuous
operator that maps By into itself. In this paper, we show that the compactness of C,
, as an operator on By, can be modelled geometrically by its principal eigenfunction.
In particular, under certain necessary conditions, we relate the compactness of C, to
the geometry of @ = o (D), where o satisfies Schoder's functional equation ¢ ° ¢ =
¢'(0)o.
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1 Introduction
Let D = {z € C: |z| < 1} be the unit disk in the complex plane and T its boundary. We
define the Bloch space B to be the Banach space of functions, £, analytic in D with

IIf11s = If(0)] + suﬂg(l —12*)If'(z)] < oo.

This space has many important applications in complex function theory, see [1] for
an overview of many of them. We denote by B, the little Bloch space of functions in B
that satisfy lim,_,; (1 - |z|*)|f’(2)| = 0. This space coincides with the closure of the
polynomials in J3.

Suppose now that ¢ : D — D is analytic, then we may define the operator, C, , acting
on By as f~ feo ¢. It was shown in [2] that every such operator maps By continuously
into itself. Moreover, it was proved that C, is compact on By if and only if ¢ satisfies

1— 27

T o = v

Recall that the hyperbolic geometry on D is defined by the distance
disk(z, w) = inf/ Ap(n)ldnl
r

where the infimum is taken over all sufficiently smooth arcs that have endpoints z

and w.
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Here, Ap(n) = (1 — |n|?)~ ! is the Poincaré density of D. The hyperbolic derivative of
¢ is given by ¢'(z)/(1 - |¢(2)|*) and functions that satisfy (1) are called little hyperbolic
Bloch functions or written ¢ € Bgt.

The Schroder functional equation is the equation
cog=yo. 2)

Note that this is just the eigenfunction equation for C,. Koenigs’ theorem states that
if ¢ has fixed point at the origin then (2) has a unique solution for y = ¢’(0) which we
call the Keenigs function and denote by o from here on. In the study of the geometric
properties of ¢ in relation to the operator theoretic properties of C,, it has become
evident that the Koenigs function is much more fruitful to study than ¢ itself. In parti-
cular, see [3] for a discussion of the Koenigs function in relation to compact composi-
tion operators on the Hardy spaces.

If we let Q@ = o (D) be the Keenigs domain of ¢, then (2) may be interpreted as imply-
ing that the action of ¢ on D is equivalent to multiplication by y on Q. It is due to this
that the pair (Q, 7) is often called the geometric model for ¢.

In this paper, we study the geometry of Q when ¢ € B}t In order to do this, we will
use the hyperbolic geometry of Q. If f : D — Q is a universal covering map and Q is a
hyperbolic domain in C, then the Poincaré density on Q is derived from the equation

ra(f(@)If'(2)| = Ap(2),

which is independent of the choice of f. Since this equation, in terms of differentials,
is Ag(w)|dw| = Ap(z)|dz| (for w = f (z)), we see that the hyperbolic distance on D
defined above carries over to a hyperbolic distance on Q. For a more thorough treat-
ment of the hyperbolic metric, see [4].

In [5], the Konigs domain of a compact composition operator on the Hardy space
was studied and the following result was proved.

Theorem A. Let ¢ be a univalent self-map of Dwith a fixed point in D. Suppose that
for some positive integer no there are at most finitely many points of Tat which $nohas
an angular derivative. Then the following are equivalent.

1. Some power of C,, is compact on the Hardy space H’;
2. 0 lies in H” for every p <oo;
3. Q = o(D)does not contain a twisted sector.

Here, Q) is said to contain a twisted sector if there is an unbounded curve I' e Q
with

Sa(w) = elw|
for some ¢ > 0 and all w € T', where Jq, is the distance from w to the boundary of Q

as defined below. The purpose of this paper is to provide a similar result to this in the
context of the Bloch space.

2 Simply connected domains
Throughout this section, we assume that Q is an unbounded simply connected domain
in C with 0 € Q. As in the previous section, o represents the Riemann mapping of D
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onto Q with 6(0) = 0 and ¢’(0) > 0. We will also define ¢ via the Schroder functional

equation. Throughout we let

bo(w) = inf w—¢|,

so that do(w) is the Euclidean distance from w to the boundary of Q.

Theorem 1. Let ¢ be a univalent function mapping Dinto D, $(0) = 0. Suppose that
the closure of ¢(D)intersects Tonly at finitely many fixed points and is contained in a
Stolz angle of opening no greater than our there.

If |¢'(0)| > 16 tan(om/2) then the following are equivalent

1. C, is compact on 3;
da(w
ow) 0

. lim =
wog dalyw)

)

3. For every n > 0, " € By.

Remark: It has recently been shown by Smith [6] that compactness of C, on B is
equivalent to compactness of C,, on B, BMOA and VMOA when ¢ is univalent and so
in the above theorem, the first condition could read: Cy is compact on B, B, BMOA
and VMOA Before proceeding, we prove the following lemma.

Lemma 1. Under the hypotheses of the theorem, w and yw tend to the same prime
end at o, and 0yQ < Q.

Proof. The first assertion follows from the fact that the closure of ¢(D) touches T
only at fixed points. Suppose now that the second assertion is false and there are dis-
tinct prime ends p; and p, with p; = yp>. Then under the boundary correspondence
given by o there are distinct points 1, { € T with

a(n) =vya(¢)=0o(e(¢))

It follows that ¢(¢) € T and therefore { is a fixed point of ¢. Hence, we have the
contradiction p; = p,. O
Proof. We first prove that 1 is equivalent to 2.
By the results of Madigan and Matheson [2], and Smith [6] cited above C, is com-
pact on B if and only if
— Iz

1
lim ———— ¢/ ()| = 0.
Lim, - W(z)'zw (2)

However, by Schroder’s equation

@) - 28 D)
_ ra(o 0 9(2)) |0’ o 9(2)¢'(2)]
ra(o(2)) lo”(2)]
ro(yw)
=l Lo (w)

1—|z)?
1 —lp(=)?

Since Q is simply connected, Ao (w) ¥ 1/dq (w) and so C, is compact on B if and
only if
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)

Sa(w) =0 (3)
w=0% o (yw)

Since YQ) € Q, yw — 0Q implies that w — 0Q. Therefore, (3) holds if and only if

(SQ(W) -0
yw—90Q (SQ()/LU)

By the Lemma, we see that yw — 9dQ means w — e and w € Y, and we have
shown that 1 and 2 are equivalent.

Suppose that 2 holds and let ¢ > 0 be given. Then we can find a R > 0 so that dq (w)
<&dq (yw) for all |w| >R, since there are only a finite number of prime ends at .
Choose w € Q arbitrarily with modulus greater than R and let # satisfy |y|”'R < |w| <
IR

Then we have that o (w) < &"dq (" w) and hence

—logdq(w) —nloge —logéq(y"w)

log |w| g —(n+1)logly| +logR’

Now as w — <o in yQ, Y'w lies in a closed set properly contained in Q and therefore
da (Y" w) is bounded below by a constant independent of w. We thus have that
—logs -1
lim inf ——2 2(w) > 08¢
w> oo log|w| —log|y|

and since ¢ was arbitrary, the left-hand side of the above inequality must tend to co.
Hence, we have shown that lim,,_,.. [w|? 6o (w) = 0 for every 8 > 0.

Now ¢" € By may be interpreted geometrically as lim,,_,50 #|w| " 0o (W) = 0 and
this follows from the above argument. Therefore, 2 implies 3.

To show that 3 implies 2, we need to show that if

—logs
lim f(w) = lim —logda(w) _
W— 00 W—> 00 log |w|
then 2 holds.
To complete the proof, we require the following lemma whose proof we merely

sketch.

Lemma 2. Under the hypotheses of the theorem,

1)
lim sup o(w) <K<1.
w00 So(yw)

Sketch of Proof. First note that

1) 1 1)
lim sup 2(w) <= 0y #(©)(%) )
Jw|—1 SQ(VW) lo (0)| |z|—1 (SID(Z)

Now if ¢(D) lies in a non-tangential angle of opening o at {; then a short calcula-
tion shows that

)
= 5|D (Z) 2

and the assertion follows. O
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Now with f defined above, we have

—logda(yw) —logda(w)

flyw) = f(w) =

log [yw| log |w|
. logde(w)/balyw) _
log |w]

for large enough w. Hence,

Sa(w) _ |y P ) < W S0
Sa(yw) @ Tow =

as w — oo and so 2 holds. ©

It is of interest to consider the growth of ¢ since condition 3 would imply that it has
very slow growth. The following corollary follows from 3 and the fact that functions in
By grow at most of order log 1/(1 - |z]).

Corollary 1. Suppose that ¢ satisfies the hypotheses of the Theorem and that any of
the equivalent conditions holds, then for r = |z|.

1
loglo(2)| =0 (loglog 1 r) .

We also provide the following restatement of the hypotheses of Theorem 1 to illus-
trate the main properties of the Konigs domain.

Corollary 2. Let Q be an unbounded domain in C with yQ € Q and 0 € Q. Suppose
that has Q only finitely many prime ends at ~ and

)
lim sup 2(w) .
w—oo Oq(yw)

In addition, suppose that 0yQ) € Q. If ¢ : D — ©, 6(0) = 0, 6’(0) > 0, and ¢ is
defined by Schroder’s equation, then the following are equivalent.

1. C, is compact on J3;
da(w
. lim M = 0;
ey Salyw)
3. For every n > 0, " € By.

The hypothesis on the boundary of Q is vital. If we do not assume that 9yQ2 € Q,
then we deduce from the proof of the Theorem that ¢ € BZt is equivalent to

Sa(w) _
yw—90Q Sg(yw)

(4)

In this situation, the finite part of the boundary of Q plays a complicated role in the
behaviour of ¢. We conclude this section by constructing a domain that displays very
bad boundary properties. This answers a question of Madigan and Matheson in [2].

In [2] it was shown that if 9¢(D) touches T = 9D in a cusp, then ¢ € B}t. However, it
is not sufficient that 0¢(D) touches T at an angle greater that 0. The question was
raised of whether or not it is possible that (D) N T can be infinite.

Page 5 of 7
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With the hypothesis that 0yQ < Q the prime ends at o correspond to points of
¢(D) that touch T. Therefore, ¢(D) N T is at most countable. A natural question to
ask is whether or not A(¢(D) N T) can ever be positive, where A represents linear
measure.

This example is well known in the setting of the unit disk, see [7, Corollary 5.3]. We
describe here the construction in terms of the Konigs domain.

Theorem 2. There is a univalent function ¢ € Bitsuch that (D) NT = T.

Proof. We construct the domain Q so that it satisfies (4). Let 0 <y < 1 be given. We
will define a nested sequence ®, C T, n = 1, 2, ... so that

Q2 = Uy {reie Yy "<r<oo,0 € @n}, (5)

where ©,, € ©,,,; foralln =1, 2, ....

First let N > 2 be chosen arbitrarily and let ®; = {27k/N: k=0, .., N - 1}.

Suppose now that 0, has been defined, then let ®,,,; be such that ®, € ©,,,, and
whenever 6 € 0, is isolated, we define a sequence 6, € 0,1, k = 1, 2, ..., so that 6, —>
0 as k — o and for each k there is a j so that 6 - 6, = 6, .y . Moreover, assume that

Ors1 — 6
im LIZ:O. (6)
k— 00 (0 —Qk)

In this way, we define the sequence of sets ®,, n = 1, 2, .... We will, furthermore,
assume that for each ¢ ¢ T, there is a sequence 6, € 0,, n = 1, 2, ..., such that §,, —
0.

We claim that this gives the desired domain Q with boundary defined by (5).

To see this, let yw € Q be arbitrary, then by construction, we may find a e 9Q so
that dq (w) = |{ - yw|. It is readily seen that for such ¢ there is an # so that (e {re'? .
r > v ™" for some # € ©, and moreover, @ is isolated in ©,,.

If we now consider w, we may find a sequence 6; — 0 as k — o so that
{re® :r > y=""1} € 9Q for all k hence we may fix a k so that o (w) = |w - n| for
1 = rei.

By estimating the line segment [w, 1] by the arc of rT joining w to 1, we see that do
(w) R |w|| o - 6] where w = re**. Therefore, we have the estimate dg, (W) < |w||01 -
O] By a similar argument, we deduce the estimate dg (yw) K |yw||0 - 6| and so

Sa(w) <1
Sa(yw) —

Ore1 — Ok

<y l9—6
s =yl d

by (6) and so the construction is complete.

We claim that if ¢ : D — Q is defined as usual and ¢ is given by Schroder’s equa-
tion, then (D) NT =T.

In fact, if 6 € O, is isolated, then the ray R = (re’ . r > y "1} is contained in a single
prime end of Q. Therefore, to each such ray, there exists a point ¢ € T that corre-
sponds to R under o. Since YR € 9Q), we thus have that { corresponds to a prime end
p under ¢ with pNT # 0.

On the other hand, if § € @, is isolated, then R’ = {ré’ : y " < r <y ™} satisfies yR'N
0Q = I, and so there is an arc py C D such that o (py) = R’ and py has an end-point
in T.
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Hence, each n € T is contained in a prime end of ¢(D) and

=D\ | s

#e®, isolated

The result follows. ©

3 Multiply connected domains

The geometric arguments of the previous section potentially lend themselves to multi-
ply connected domains in the following way. Suppose that Q is a domain in C with 0
e Q and YQ € Q for some y € D\{0}. Let o be a universal covering map of D onto Q
with 6(0) = 0. Then ¢’(0) = 0 and we may define ¢ via (2). Now we have

1—|z|?
1 —lp(2)?

However, if Q is not simply connected, then o is an infinitely sheeted covering of Q

ro(yw)

¢’ (2)] = || R

and therefore the equation o (z) = 0 has infinitely many distinct solutions, z,, n = 0, 1,

Now, since

1- |Zn|2

T(ZWW(Z")' =lyl>0
n

for all # > 0, we see that ¢ ¢ B}t. Thus, we have proved the following result.

Proposition 1. Suppose that Q) € C is a domain satisfying 0 € Q and yQ € Q, and
let o : D — Qbe a universal covering map with c(0) = 0.

If ¢, as defined by (2) is in Bltthen Q is simply connected.

4 Competing interests
The author declares that they have no competing interests.

Received: 31 January 2011 Accepted: 10 August 2011 Published: 10 August 2011

References

1. Anderson, JM: Bloch Functions: The Basic Theory. Operators and Function Theory. D Reidel. 1-17 (1985)

2. Madigan, K Matheson, A: Compact Composition Operators on the Bloch Space. Trans Am Math Soc. 347, 2679-2687
(1995). doi:10.2307/2154848

3. Shapiro, JH: Composition Operators and Classical Function Theory. Springer. (1993)

. Ahlfors, LV: Conformal Invariants, Topics in Geometric Function Theory. McGraw-Hill. (1973)

5. JH, Shapiro, W, Smith, A, Stegenga: Geometric models and compactness of composition operators. J Funct Anal. 127,
21-62 (1995). doi:10.1006/jfan.1995.1002

6. Smith, W: Compactness of composition operators on BMOA. Proc Am Math Soc. 127, 2715-2725 (1999). doi:10.1090/
S0002-9939-99-04856-X

7. Bourdon, P, Cima, J, Matheson, A: Compact composition operators on BMOA. Trans Am Math Soc. 351, 2183-2196
(1999). doi:10.1090/50002-9947-99-02387-9

doi:10.1186/1029-242X-2011-31
Cite this article as: Jones: A note on the Kénigs domain of compact composition operators on the Bloch space.
Journal of Inequalities and Applications 2011 2011:31.




	Abstract
	1 Introduction
	2 Simply connected domains
	3 Multiply connected domains
	4 Competing interests
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 500
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 500
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


